[

UNIVERSITY OF ANBAR

MATHEMATICS

BY
Dr. Mohammed Jasim Mohammed

Aflahdawi

dy . . flx+Ax)-f(x)
o) s o

2019-2020

1




Solution Set of Inequalities

The solution set of on inquality consists of the set real numbers for which the inquality is true

state ment if two inequalities have the same solution set, they are said to be equivalent.

Example: Find the solution set of the following inequalities.

3X—8<x-2
3X—-8+8<x-2+8
3X <X+6
3X—X<X—X+6
2X< 6

2x.l < 6&
2 2

x<3=5={xell,—0<x<3}=(-x,3)
Example: Find the solution set of the following inequalities.

2X—3
X+2

<1 X #E =2
3

if x+2>0:>3(2x—3)<x+2
6X—-9<x+2
5x <11

11
X<—
)
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5={XGD; x<1€1 and x>—2}

:{XED;X<%}Q{XED;X>—2}=(—2,%}

if x+2<0=>x<-2
3(2x—-3)>x+2
6X—9>Xx+2

5x >11:x>1—51

5:{XGD;X>1—51}D{XeD;x<—2} =0

Example: Find the solution set of the following inequalities.

x> —3x+2<0
(x-2)(x-1)<0
X—2<0 and x-1>0
or

Xx—2>0 and x-1<0

X—2<0=>x<2 and x-1>0 x>1
s={xell; x<2}N{xel; x>1} =12}

X—2>0=>x>2 and x-1<0 x<1
s={xel; x>2}N{xel; x<l}=
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Theorem of Limit

Not the following rules hold if

limf(x) =L and limg(x) =M
x—a xX—a

limC=C where CER

xX—a

limCf(x)=Clim f(x) =CL where CER
X—a xX—a

lim(f(x) F g(x)) =lim f(x) Flimgx) =L+ M
X—a xX—a xX—a

lim (£ (). () = lim £(x) lim g (x) = LM

lim £ (x)
lim re9 _ =g = ,Where M # 0
x~ag(x) lmgl) M

lm[FCOT" = [lim £Go)] " = 27
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Example: Evaluate the following Limits

xt—x+17° xt—x+17°
lim|——————| =|lim—————
x—0 x—1 x-»0 x-—1

_[0—0+13_
L o-1

Example:

. x% — 25][x% — 25
xl—r>r!13 x+5 x—5

Sol/

- [x2—=25]  [x*-25
lim lim
x-5 | X +5 |x-5| x—5

[ =5)(x+ 5)] _ [(x —5)(x + 5)]
lim lim
x-5 i x+5 x—5 x—15

=(G5B-5(0+5)

= (0)(10) =0
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Example:

_ y2+12 -4
lim
y—2 y—2

2-4 JyP+12+4
y2 + 12 + 4

y2+12—16
= lim

yo2y —2(\/y? +12 + 4)

2 —4
= lim

yo2y — 2(,/y +12 +4)

-2 +2)

TG (hrr 1)

1
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Limits and Continuity of Trigonometric functions

Theorem: If ¢ is any number in the natural domain of the stated trigonometric function, then:

lim sin x = sinc¢

X—C

lim cosx = cosc
X—C

limtanx = tanc
X—C

limcscx = cscc
X—C

limsecx = secc
X—C

lim cotx = cotc
X—C

I.e. sin x , cos x are continuous and so tan x is continuous except at the point where it is
undefined .

Exemple: Find lim cos (x2_1)
x—1 X—

Sol: let f(x)=cosx

x2-1
g(x) =—
- _x2—1
lmee =
5 x?—1
_xliqx—l
(- D(x+1)
= lim

x—1 x—1

(- D(x+1)
= lim
x—1 x—1
=lim(x+1) =2
x—1

And f(x) = cos(x) is continuous at 2
x?—1\ x?—1\ .
1 = COS x—1 = COS 4.
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Theorem:
~ 1—cosx
lim—— =
x—0 X

- 1—cosx
Lim———
x—0 X

1—cosx 1+ cosx

= lim .
X 1+ cosx

¥ 1 —cos?x
= lim—————
x>0 x(1 + cos x)
sin? x
= lim————
x>0 x(1 + cos x)

sin x sin x 0
i )=12=0

x (1+cosx)

x—0
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Exammple: Find

o tanx
1- lim——=

x—-0 X
Sol

tanx sinx
= li

X x—0XCOS X

sin x 1
).(lim )=1.1=1
X x—0 COS X

. sin3x
3- lim -
x—0 Sin 5x

Sol
sin 3x 1/x
*50sin 5x 1/x
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Infinite Limits

Sometimes we need to know what happens to f(x) as x gets Large and positive

(x — o) or large and negative(x — —oo) Consider a function f(x) = %what dose

lim f(x). f(x) gest close to 0, as x gets Large and (x — oo) large. This is written

Example: Find the following Limits if they exist.

3 +2x+1
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Example:

y 4x — 2
x1—>n<;10x2+3

Sol/
4x 2

y2  x2
= lim X=—2X~

X—00 x2 3
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Derivatives

The derivative of the function y = f(x) is the function y" = f'(x) whose value at
each x is define by rule.

Let y=1f(x) be afunction of x . If the limit :

d_y: £1(x) = lim f (x+AX)— f(x)
dx AX—0 AX

exists and is finite, we call this limit the derivative of f at x and say that f is
differentiable at x .

Example: Find the derivative of the function y = x* by definition

ﬂ: £1(x) = lim f(x+Ax)— f(x)
dx Ax—0 AX

(x + Ax)? = x? + 2xAx + Ax?

flx+Ax)— f(x) x?+2xAx + Ax? — x?
m = lim
Ax—0 Ax Ax—0 Ax

li

Ax(2x + Ax)
m
Ax—0 Ax

= lim (2x + Ax) = 2x
Ax—0
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Example: Using the definition of the derivative of a function to the derivative of
the functions
flx) =x3+2x

Sol/

, [+ Ax) = f(x)
fe) = Jim, Ax
(x + Ax)3 + 2(x + Ax) — (x3 + 2x)
Ax
(x + Ax)3 + 2(x + Ax) — (x3 + 2x)
Ax
- x3 + 2x%Ax + 2xAx? + Ax3 + 2x + 2Ax — x3 — 2x
Ax—0 Ax
- 3x2Ax + 2xAx? + Ax3 + 2Ax
Ax—0 Ax

Ax(3x? + 2xAx + Ax? + 2)
Ax

lim (3x2 + 2xAx + Ax? + 2)
Ax—0

3x%2 42

H.W
Find the derivative of the function by definition.

1- f(x)= 2- f(x)=+x

1
N2X+3
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Derivatives

The derivative of the function y = f(x) is the function y" = f'(x) whose value at

each x is define by rule.

The Rules for Derivative

d
y-a=>a—0

Ex/ y_Z:%:o

dy —
y=x"=—"=nx" 1

Ex/y=x‘2:oﬂ=—2x
dx

d _
y=ax":>d—z:a.nx" 1

— 43 4151
Ex/y—4\/5=>dx—4.3x3

_ dy _du , dv
y—u(x)+v(x)=>dx—dx+dx

Ex/y = 2x% + 8 — 5x* => —4x+0—20x
= bu()]* = 2 = b.nfu@)]"*

dx

Ex/y=3(2x2—x+4)7=>—==37(2x —x+4)% (4x — 1)

Dr. Mohammed Jasim Mohammed Alfahdawi
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_ ay _ @ e
6- y=ulx).v(x) = = u(x) —+ v(x) —

Ex/y=((x*+1)(x —3)* = % = (x?+1).2(x —3)* + (x — 3)%(2x)

_um _ dy _ v g

o) dx @)

_dy _ (3x*+2x).2x)—(x*+1).(6x+2)
B 9x4+12x3 +4x2

_ 2x%—6x-2
T 9x4+12x3+4x2

.. d : :
Example: Find d—i for the following functions :

a) y=(x*+1)° b) y=[(5-x)(4-2x)f
c) y=(2x®-3x*+6x)°

e) y=(x +x)(X>§ —X+1)

a) ﬂ=5(x2+1)“.2x=10x(x2+1)4
dx
) %=2[(5—x)(4—2x)][—2(5—x)—(4—2x)]

=8(5-x)(2—x)(2x-7)

Dr. Mohammed Jasim Mohammed Alfahdawi
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3){ =-5(2x%*-3x*>+6x)°(6Xx*-6Xx+6)

=-30(2x%®-3x*+6x)°(x* =x+1)
y=12x" -4x° +3x* = 3—){=—12x‘2 +12x* —12x7°
dy __12 12 12

= 7 =
dx x2 x* NG

e) y=(x+1)(;<:—x+1):>

dy _ [ =x+ 1)+ (x+1)(2x=1)|-3x*(x+1)(x* = x+1) __ 3

dx x® x*

dy 2x(x*+x-2)=(x*-1)(2x+1)  x*-2x+1
dx (x*+x=2)° (x*+x=2)°

f)

4- f(x) = (x° +2)%(1 — x?)°

Find f'(x) =y’

Dr. Mohammed Jasim Mohammed Alfahdawi
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The derivative of trigonometry function

1) y = sin(g(x)) = y' = cos(g(x)).g'(x)

2) y = cos(g(x)) = y' = —sin(g(x)) . g'(x)

3) y = tan(g(x)) = y' = sec*(g(x)).g'(x)

4) y = cot(g(x)) = y' = —csc?(g(x) . g'(x)

5) y = sec(g(x)) = y' = tan(g(x)).sec(g(x)) g'(x)

6) y = csc(g(x)) = y' = —cot(g(x)).csc(g(x)) g'(x)

Example: Find the derivative of the following function
f(x) = sin(x)* + cot(x* — 1)

Sol/

'™ = cos(x)?.2x — csc?(x* — 1) . 4x3
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Example: Find the derivative of the following function
f(x) = (sec(2x) + tan(3x)) 2

Sol/
'™ = —2(sec(2x) + tan(3x)) 3. (sec(2x) . tan(2x) . 2 + 3sec?(3x))

Example: Find the derivative of the following function

cos(3t).0 — 2.(—sin(3t) .3 _ 6sin(3t)
cos?(3t) ~ cos2(3t)

f'(x) —

Example: Find the derivative of the following function

f(x) = sin(cos(w))
Sol/
f'(x) = cos(cos(w)).(—sin(w)).1
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_ (si\r/l%/f)3

2. y = 2sin @ - (x €os @)3

7 /sec(36)
3. y = T

4. y = sin(3t) .cos(5t?)

Derivatives

The derivative of the function y = f(x) is the function y" = f"'(x) whose value at

each x is define by rule.

Example: Find y"

y=x%+3x*—2x?2+9

y' = 6x°+ 12x3 — 4x

y" =30x*+ 36x% — 4
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Derivatives

The derivative of the function y = f(x) is the function y" = f'(x) whose value at

each x, y is define by rule.

Example: Find y’ of the following functions

x.sin(2y) = y.cos(2x)
Sol/
x.cos(2y).2y" +sin(2y).1 = y. (—sin(2x)). 2 + cos(2x) .y’
x.cos(2y).2y" — cos(2x).y" = y.(—sin(2x)).2 — sin(2y)
x.cos(2y).2y" — cos(2x).y" = y.(—sin(2x)).2 — sin(2y)
(2x.cos(2y) — cos(2x)).y' = —2y.sin(2x) — sin(2y)

, _ —2y.sin(2x) — sin(2y)
Y = (2x.cos(2y) — cos(2x))
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Example: Find y’ of the following functions
cot(xy) + xy =0

Sol//

—csc?(xy)(xy' +y. D) +xy' +y =0

—x.csc?(xy)y’ —yesc*(xy) +xy' +y =0

(—x.csc?(xy) + x)y’ = yesc?(xy) —y

,  yesci(xy) —y
~ (=x.csc?(xy) + x)

,  ylesc*(xy) — 1)
Y= —x(.csc?(xy) — 1)

H.W

y =tany + sec?(xy) + cot(x? + y?)
. cos(x?y?) =x

2 coty
_1+cscy

. JJxy +csc(—xy) =y
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The Derivative of Inverse Trigonometric Functions:

Let u be a function of x , then:

1 du
1 du
1 du
1+u? " dx
1 du
1+u? " dx
1 du
lul/uz-1"dx
1 du

lulvuz-1 dx
Examples: Find the derivatives of the following functions:

(1)£sin‘1(u) =

(2)+-cos™ (u) = -
(3)+-tan~(u) =
(4)+-cot ™ (u) = —
(5)+-sec™ (u) =

(6) % csc(u) = -

mf(x) =sin"1(x?)

1
= (%) = —— .2

mf(t) = cos' (Vt)

1 1
= f'(t) = ——=.5t2

-0
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-1 x—1
x+1

y = sin
sect(Vw? + 4)

y = tan"1(3 tan 2z)

__ cot™1(30)
T 1462
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The Derivative of In

Examples: Find y’ for the following function:

2x + 2

1.y =In(x*+2x) =y’ = 77 2

1
2.y=(nx)3=y =3 (lnx)z.;

L

3.y=In(lnx) = y' = ﬁ

tan~1x

1) y = (Intan)>. cos x? 2)y=Lnx—%1n(1+X2)—
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The Derivative of e*

d _ udu
e _e'dx

1. e=1 2.e"* = x = [ne*

Examples: Find y’ for the following function:

1
14 x2

-1 -1
.yzetan x :ylzetan x

my = sec }(e?)

!

1
y' = .e?x.2
IerI /(er)Z -1

H.W

2) y = esin‘lx \/} 3) y = ln(e—sine _ 6_93+5)

Dr. Mohammed Jasim Mohammed Alfahdawi
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Integration

General Indefinite Integral:

In Calculus, an antiderivative of a function f(x) is a differentiable function F(x)

whose derivative is equal to the original function f(x) .

dF
P = 10 = 2 - p

= dF(x) = f(x)dx

- j dF (x) = j £(x)dx

zF(x)=ff(x)dx+C, where C € R.

Example: y' =2x = % =2x = dy = 2x dx

= [dy = [2xdx =>y:x?2+C

Indefinite Integrals Properties: Let f(x) be a function and x € R, then:

i. [af(x)=a/ f(x)dx, whereaisa constant.

i [(Fe) F @) dx = [ f) dx F [ g(x) dx
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Notes:

o [(f)*xg(x))dx # [f(x)dx * [ g(x)dx

fx J f(x)dx
* J o™ * Ta

Rules: In general,

i. [dx=x+c

uTl+

1+C, where C € R.

i. [u'du=
n+1

Examples: Evaluate the following integrals:

1) [3dx=3[dx=3x+C

2) [ 5x%dx =5 [x%dx =55+

3) f6x_3dx=6fx_3dx=6x_—_22=_—3+6

x2

—4 _
4) fi—fdxz [3rnx~%dx = 37Tx_—4+C = 4;Z+C

5) [(2x + 3)dx = [ 2xdx + [ 3dx

=x%2+4C; +3x + C, = x>+ 3x + C,where C = C; + C,.
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1) [V2x + Tdx =~ [(2x + 1) 2dx

3
C1(2x+1)2
-2 3

2

1
+C=3/@x+ D +C

2) f(xz—\/z)dx:fxzdx—fx%dx

L +C
3

(z+1)dz

— ((,2 =
3) fm—f(z +2z42)3(z+ 1)dz

2
_1(zz+Zz+2)§
=3 -

3

3
=Z?{/(zz+22+2)2+C
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. J(x* + 5x) dx

CJVyE+2y(y + D dy
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Integrals of Trigonometric Function:
We can derive all the Trigonometric integration forms from the derivative

Trigonometric forms as follows:

(1) %sin(u) = cos(u) - [ cos(w) du = sin(w) + C

(2)%cos(u) = —sin(w) - [ sin(w) du = — cos(w) + C
(3)%tan(u) = sec?(u) - [ sec?(uw) du = tan(w) + C
(4)<-cot(u) = —csc2(w) - [ esc?(u) du = — cot(u) + C
(5)+-sec(u) = sec(u)tan(w) - [ sec(u) tan(w)du = sec(u) + C

(6)%csc(u) = —csc(u)cot(u) = [ csc(u) cot(u)du = —csc(u) + C

Examples: Evaluate the following integrals:

1) sin(3x) dx

1
= §j sin(3x) .3dx

1
- —gcos(?;x) +C

Dr. Mohammed Jasim Mohammed Alfahdawi
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2) [ cos(2t) dt

1
= Ej cos(2t).2dt

1
= Esin(Zx) +C

3)[ xsec?(x*)dx

1
= EJ sec?(x?).2xdx

1
= Etan(xz) +C

4) [ cot(5x) csc(5x) dx

1
= gf cot(5x) csc(5x) . 5dx

1
= — gcsc(Sx) +C

5)f sec®(x)tan(x)dx
= j sec?(x) sec(x) tan(x) dx

sec3(x
_ 3()+C

Dr. Mohammed Jasim Mohammed Alfahdawi
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6) f Cos(Zx)

Sln3(2x)
= Ej(sin(Zx))_3cos92x).2dx

_ 1(sin(2x))?
2 2
1

=—— — 1 (
4sin?(2x)

+ 2

7 j 6 — cos(3x) dx

sin?(3x)

N 6 cos(3x)
a j sin?(3x) dx = f sin?(3x) aa

) 1 1  cos(3x)
- 6[ sin? () j sin(3x) sin(3x)

= 6[ csc?(3x)dx — j csc(3x) cot(3x) dx
= gJ csc? (3x).3dx — %J csc(3x) cot(3x) .3dx
= 2(—cot(2x)) — % (—csc(3x))+C

1
= —2cot(3x) + §csc(3x) +C
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1)f %cscz(\/})dx =

2)[ t* tan*(t3)dt =
3) [ csc(x) cot(x) dx =

)fsecz(ZW)d _

tan3(2w)

T
5) fsinZ(SZ) dz
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Remark:

A. When the power of sin(x) or cos(x) is odd, we use:
sin?(x) + cos?(x) = 1

B. When the power of sin(x) or cos(x) is even, we use:

1 1
sin®(x) = P (1 — cos2x) or cos?(x) = 5 (1 — cos2x)

Examples: Evaluate the following integrals:

1) [ sin®(x)dx

= [ sin(x) sin®(x)dx

= [sin(x) (1 — cos?(x))dx

= [ sin(x) — [ cos?*(x) sin(x) dx

3
cos?(x) L C

= —cos(x) — 3

2) [cos?(y)dy

= f%(l + cos(2y))dy

= %fdy+%.%fcos(2y).2dy
= %y + isin(Zy) +C
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3) [cos*(x)dx

= [(cos?(x))*dx

2
= f(; 1+ cos(2x))> dx
= %f(l + 2 cos(2x) + cos?(2x)) dx
= %f 1dx + if 2cos(2x) dx + if cos? (2x)dx
if dx + %f cos(2x) dx + if% (1 + cos4x)dx
1 11 1 11
= Zlf dx + .- [ cos(2x).2 dx +§fdx +§.chos4x.4dx

= Zx + ~sin(2x) + = x + —sin(4x) + C
4™ 4 8" ' 32

Remark:
A. If the powers of tan(x) and cot(x) is even, we use:
tan?(x) = sec?(x) — 1
B. If the powers of sec(x) and csc(x) is even, we use:

sec?(x) = 1 + tan?(x)
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Examples: Evaluate the following integrals:

1) [ tan®*(3x)dx
= [(sec?*(3x) — 1)dx
= [sec?(3x)dx — [ 1dx

= %fsecz(?)x) 3dx — [ dx

= %tan(?)x) —x+C

2) [sec* (x)dx
= [ sec? (x)sec?(x)dx
= [(1 + tan?(x)) sec®(x)dx
= [ sec?(x)dx + [ tan®(x) sec?(x)dx

3
= tan(x) + tang W4ic

3) [csc* (x)dx

= [ csc? (x)csc?(x)dx

= [(1 + cot?(x)) csc?(x)dx

= [csc?(x)dx + [ cot®(x) csc?(x)dx

cot3(x)
3

= —cot(x) — + C
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Problems: Evaluate the following integrals:

1. [sin(2t) dt
. [ xcos(2x*)dx
. [ 2tan*(2x)dx

et g

=
. [ sin?(x) cos(x) dx

' f sin(T)

—1
cos? (ZT)

dz

. [ sin(t)cos(t)(sin(t) + cos(t)) dt

Dr. Mohammed Jasim Mohammed Alfahdawi
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We can derive all the integration forms from our derivatives forms as follows:




1 1
1)—sin 1(u) = —>J du = sin"1(u) + C

d 1 1
2)—cos l(u) = ——— f—du = —cos Y(u) + C
)du V1 — u? V1 — u?

3dt “1u) = = f sdu = tan"'(u) + C
)duan u_1+u2 u=tan (u

1+

d
4)— cot! —cot1
)du ) = 1+ u2 f 1+ u2 i

d
—_ -1 =
5) T sec (u)

——> ———du=sec'(w)+C
|lu|vu?z — 1 flulx/uz—l

d -1 -1
6)—csc ()= ————> j—du = —cscl(w) +C
)du lulvuz — 1 lulvuz — 1

Examples: Evaluate the following integrals:

D ==
— lf =
27 [1—(2%)?

= %sin‘l(Zx) +C or _71603_1(296) +C

2)fdt

1+t2

=tan () +C or —cot™i(t)+C
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=sec Y2x|+C or —csc72x|+C

=—lsin_1(5x)+6 or lcos‘l(Ex)+C
5 2 5 2

)f cos(x)dx
\ 1=sin?(x)

= sin"1(sin(x)) + C
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Problems: Evaluate the following integrals:

-1
1_f 1—16w2dw

1
2- f1+25x2 dx

1
3-J 81u2+9 du

; -1
A- fsm(t;ar ) T

x2

5- [——dx

9x+x3
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d 1 1
'.°—1n(u)=—du—>J—du=ln|u|+C , u+0
du u u

Examples: Evaluate the following integrals:

1) f%dxz 2f%dx=2ln|x| +C

3 5
:3fx_2dx+5fidx

= 3%+ S5In|x| + C

= _73+ 5in|x| + C

X
3) f(2x2+3) dx
1 4x

~ 2 (2x2+3) dx

= ilanx2 +3|+C

2) [ gy

X

= [In(x) .idx

- an(zx))z 7 -
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5) [——dx

xlnx
=/

= In|ln(x)| + C

1
= dx

In




6) f1+Zex

2e*
o _f 1+2ex

= Elnll + 2e*| + C

sec(2x)tan(2x)

7) f sec(2x) dx
_ lf 2 sec(2x)tan(2x) d
. sec(2x)

= In|sec(2x)| + C

8) [ tan(w) du
_ _f sm(u)

cos(u)

= —In|cos(u)| + C
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9) [sec(u)du
"~ (sec(w)+tan(u))
= f sec(u) . (sec(w)+tan(u))

. f sec?(u)+sec(u)tan(u)

tan(u)+sec(uw)




= In|tan(u) + sec(u)| + C

Problems: Evaluate the following integrals:
1

xdx
2.
f 4x2+1

3. fﬂdx

2—cos(x)

dx
4. f x.In5(x)

El
5. [ 5+ 6dx

4x2
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Integrals of Exponential Functions:




ie(") = eWdu - fe(") du=eW+C |,
du

Examples: Evaluate the following integrals:

1) [e**dx

=%f262xdx

=Ze2X 4 (
2

2) [eSn3% cos3xdx

1 .
=:/3. eS"3% cos 3x dx

1 .
— 5esm3x +C

eX—e™*

3) [ dx

eX+e™X

Lnle* + e ™|+ C
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4) [ e** sin(e*)dx




%f 2.e?* sin(e®)dx

= —%cos(ezx) +C

esin‘ 1 (2x)

%) I S O

2esin™1(2x)

1
_Ef V1—4x2 dx

— %esin_l(Zx) +C

X X
2. | e3cose3dx

x etan'l(Zt)
3.f(e5xcos (e>) — e2)dx 4.fwdt
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